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MODELING OF FORMING OF WING PANELS OF THE SSJ-100 AIRCRAFT

UDC 539.3B. D. Annin,1 A. I. Oleinikov,2,3 and K. S. Bormotin3

Problems of inelastic straining of three-dimensional bodies with large displacements and turns are
considered. In addition to the sought fields, surface forces and boundary displacements have also
to be determined in these problems. Experimental justification is given to the proposed constitutive
equations of steady creep for transversely isotropic materials with different characteristics under
tension and compression. Algorithms and results of the finite-element solution of the problem are
presented for these materials.
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Introduction. In solving problems of inelastic straining with boundary conditions determined from specified
residual displacements, much attention has been paid recently to the development of formulations of various classes
of such problems, establishment of sufficient conditions for their correctness, and justification of iterative and step-
by-step methods of solving these problems [1–5]. Application of these methods allows finding solutions for plates
and rods [6–8]. A solution for a three-dimensional isotropic body was given in [9].

In practice, solving problems of this kind is usually based on using simple semi-empirical relations obtained
from the analysis of an array of test solutions resulting from experiments. This approach involves considerable
material and time costs, which often make the solution non-beneficial. Therefore, advanced design methods imply
the search for test solutions through computer modeling of the boundary actions and straining processes [10].

1. Constitutive Relations. Based on experimental data [11–14], we use the following models of blank
material straining.

Let σij and εij be the components of the stress and strain tensors in a rectangular Cartesian coordinate
system (x1, x2, x3) and let sij and eij be their deviators: sij = σij − σpqδpq/3 and eij = εij − εpqδpq/3 (δij = 1 at
i = j and δij = 0 at i �= j). Hereinafter, summation is performed over the repeated subscripts from 1 to 3. The
total strain εij is the sum of elastic and inelastic strains:

εij = εe
ij + εn

ij .

For inelastic strains, the incompressibility condition is valid:

εn
ijδij = 0.

Elastic strains are related to stresses via Hooke’s law

εe
ij = [(1 + ν)σij − νδijσklδkl]/E, (1.1)

where E is Young’s modulus and ν is Poisson’s ratio.
The inelastic strain is the sum of plastic strains and creep strains:

εn
ij = εp

ij + εc
ij .
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The criterion of reaching the initial plastic state is the Huber–Mises condition

(3/2)sijsij = σ2
y , (1.2)

where σy is the yield stress of the blank material under uniaxial tension.
The loading surface corresponds to isotropic hardening of the material:

f ≡ 3Js
2 − σ2

y∗ = 0.

Here, Js
2 is the second invariant of the deviator and σy∗ is the current value of the yield stress. If f < 0 or f = 0

and (∂f/∂σkl) dσkl ≤ 0, then dεp
ij = 0. If f = 0 and (∂f/∂σkl) dσkl > 0, then the plastic strain increments are

written in the form

dεp
ij = sijh(Js

2 ) dJs
2 , (1.3)

where

h(Js
2 ) =

1
2
√

6Js
2

( 1
Et

− 1
μ

)
, μ =

E

2(1 + ν)
, (1.4)

and Et is the tangent modulus. For the materials considered in this paper, Et is a constant quantity characterizing
the linear hardening intensity. The creep strain increments are found by the formula

dεc
ij = ε̇c

ij dt,

where t is the time and ε̇c
ij is the steady creep strain rate for a transversely isotropic material with the isotropy

plane (x1, x2) and with different characteristics under tension and compression [15–18]:

ε̇c
ij = γ(σc1, σc2, ξ, η)sij , γ = f1(ξ, η)σn1−1

c1 + f2(ξ, η)σn2−1
c2 . (1.5)

In the right side of Eq. (1.5), we have

σcm =
√

3Tm/2, Tm = amJ2
1 + bmJ2 + cmJ3, m = 1, 2 (am > 0, bm > 0, cm > 0),

ξ = J1/
√

J, η =
√

J3/J, J = J2
1 + J2 + J3, (1.6)

J1 = σ33 − (σ11 + σ22)/2, J2 = (σ11 − σ22)2 + 4σ2
12, J3 = σ2

13 + σ2
23,

f1(ξ, η) =
3∑

k=1

6∏

l=1
l�=k

rl · rkl

rkl · rkl
, f2(ξ, η) =

6∑

k=4

6∏

l=1
l�=k

rl · rkl

rkl · rkl
,

rl = (ξ − ξl)e1 + (η − ηl)e2, rkl = (ξk − ξl)e1 + (ηk − ηl)e2 (eα · eβ = δαβ).

In accordance with Eqs. (1.6), the parameters |ξ| ≤ 1 and 0 ≤ η ≤ 1 determine the stress state type for the
transversely isotropic body in a given direction. The constants am, bm, and cm are found from the characteristics
of the steady creep segment of the creep curves obtained under pure tension (m = 1) and under pure compression
(m = 2) in this direction:

a1 =
2
3

(3
2

B13

)2/(n1−1)

, b1 =
2
3

(3
2

B11

)2/(n1−1)

− a1

4
, c1 = 4

(3
2

B1×
)2/(n1−1)

− a1

4
− b1,

a2 =
2
3

(3
2

B23

)2/(n2−1)

, b2 =
2
3

(3
2

B21

)2/(n2−1)

− a2

4
, c2 = 4

(3
2

B2×
)2/(n2−1)

− a2

4
− b2.

(1.7)

Here, B13, B11, B1×, and n1 are the coefficients and the power index in the dependence of the creep rate on stress
under pure tension in three directions: along the x3 and x1 (or x2) axes and at an angle of 45◦ to the x3 axis
in the plane (x2, x3). These tension directions are characterized by the corresponding values of the parameters
ξ and η, namely, (ξ1, η1) = (1, 0), (ξ2, η2) = (−1/

√
5, 0), and (ξ3, η3) = (1/3, 2/3). The coefficients B23, B21,

and B2× and the power index n2 correspond to pure compression in these directions, and (ξ4, η4) = (−1, 0),
(ξ5, η5) = (1/

√
5, 0), and (ξ6, η6) = (−1/3, 2/3). These six points (ξl, ηl) are nodes of interpolation of the polynomials

f1(ξ, η) and f2(ξ, η) in Eq. (1.5).
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2. Numerical Methods of Solving Plasticity and Steady Creep Problems. The forming process
considered includes two stages: active stage of elastoviscoplastic straining of the blank in the die tooling and passive
stage of unloading of the blank withdrawn from the die tooling. The final stress-strain state at the active stage is
the initial state for the passive stage. The blank is fixed to avoid its motion as a whole at both stages in an identical
manner; the body and accelerative forces are ignored.

Unloading is considered as purely elastic straining, with no increments of inelastic strains. The active stage,
in turn, also includes two steps. At the first step, the frontal faces of the “cold” (temperature of about 20◦C) blank
are pressed to the working surfaces of the die tooling, which results in elastoplastic straining of the blank. The
second step includes the processes of stress relaxation and creep strain in the blank fixed in this die tooling during
a given time at an elevated temperature (close to the artificial ageing temperature). The processes of blank and die
tooling heating and cooling are not considered in this paper, because they are assumed to exert a minor effect on
the panel forming result.

As the forming process considered mainly means bending of a comparatively thin blank, the strains are
assumed to be small, while the displacements and turns are fairly large; the reference configuration in which the co-
ordinate system (x1, x2, x3) is introduced coincides with the initial configuration of the body. Thus, σij are the com-
ponents of the second Piola–Kirchhoff stress tensor and εij are the components of the Green–Lagrange strain tensor.

The equilibrium equations are written in a weak form as
∫

V

σij δεij dV =
∫

V

ρfi δui dV +
∫

ST

T̃i δui dS. (2.1)

Here, ui and T̃i are the components of the displacement vectors and surface forces, respectively, ρ is the mass
density of the blank material in the reference configuration, V is the area occupied by the body in the reference
configuration, and S = Su∪ST (Su∩ST = ∅) is the body surface; the symbol δ means the variation (δui = 0 on Su).

At the active stage, the body on some part of its surface ST is subjected to the action of the surface forces T̃i

T̃i = nj

(
σij + σjk

∂ui

∂xk

)
, (2.2)

where ni are the components of the unit vector of the external normal to the surface ST in the reference configuration.
The components of the displacement vector ũi are assigned on the part of the body surface Su:

ui = ũi. (2.3)

The equations that describe the relations between the total strain tensor components εij and the gradient of
displacements ∂ui/∂xk have the following form:

εij =
1
2

( ∂ui

∂xj
+

∂uj

∂xi
+

∂uk

∂xi

∂uk

∂xj

)
. (2.4)

Equations (2.1) are integrated step by step. Assuming the step Δt to be rather small and following [19], we
obtain a linearized equilibrium equation (2.1) written in displacements:

∫

V

δε : C(t) : Δε dV +
∫

V

σ(t) : δ[∇û · ∇ût] dV =
∫

V

ρ(t + Δt)f(t + Δt) · δû dV

+
∫

ST

T̃ (t + Δt) · δû dS −
∫

V

(σ(t) + ϕ(t)Δt) : δε dV ∀ δû (δû = 0 on Su). (2.5)

Here, σ = (σij), ε = (εij), u = (ui), û = Δu, ϕ = −C : (dεc/dt), the colon and the dot between the tensors indicate
the operation of convolution over two and one index, respectively, ∇ is the nabla operator determined with respect
to the initial configuration of the body [19], the superscript “t” means the transposition operation,

Δε ≡ (∇û + ∇ût + ∇u(t) · ∇ût + ∇û · ∇ut(t))/2,

C = (Cijkl), Cijkl =
E

1 + ν

(1
2

(δikδjl + δilδjk) +
1

1 − 2ν
δijδkl − β

sijskl

1 + ν + 2α(Js
2 )

)
,
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β =

{
0, f < 0, f = 0, sp

ij dεij < 0,

1, f = 0, sp
ij dεij > 0,

α(Js
2 ) ≡ 3

4Js
2

( E

Et
− 1

)
.

A discrete analog of Eq. (2.5) obtained by the finite element method and by virtue of arbitrariness of the
vector of increments of nodal displacements is equivalent to the following vector equation [19]:

K(t)ΔU = R(t + Δt) − F (t). (2.6)

Here ΔU is the vector of increments of nodal displacements, R(t + Δt) and F (t) are the vectors of external and
internal forces determined at the times t + Δt and t, respectively, and K(t) is the symmetric matrix of tangent
stiffness determined at the time t.

Determining the vector of increments of nodal displacements ΔU from the system of linear equations (2.6),
we can find the solution ΔU(t + Δt) by the formula

ΔU(t + Δt) = U(t) + ΔU .

This solution is updated by the Newton–Raphson method until the Euclidean norm of the residue vector R(t +
Δt)−F (k)(t+Δt) and U(t+Δt)−U (k)(t+Δt) at the kth iteration becomes smaller than a prescribed error value.

3. Verification of Constitutive Relations of Steady Creep for Transversely Isotropic Materials
with Different Properties Under Tension and Compression. The constants am, bm, and cm in Eqs. (1.5)
and (1.6) are determined with the use of Eq. (1.7) from experimental curves of creep under tension and compression.
For instance, for a plate made of the AK4-1T alloy [12–14], we have

B13 = 1.6 · 10−18 (kg/mm2)−n1 · h−1, B11 = 1.2 · 10−18 (kg/mm2)−n1 · h−1,

B1× = 3.2 · 10−18 (kg/mm2)−n1 · h−1, B23 = 4.78 · 10−19 (kg/mm2)−n2 · h−1, (3.1)

B21 = 5.2 · 10−19 (kg/mm2)−n2 · h−1, B2× = 6.6 · 10−19 (kg/mm2)−n2 · h−1.

Young’s modulus is E = 6322 kg/mm2, n1 = 11, n2 = 11, and Poisson’s ratio is ν = 0.4.
The creep curves calculated by Eqs. (2.5), (2.6), (1.1), (1.5), and (3.1) for different constant values of tensile

and compressive stresses for the same directions of the plate as those in the steady creep experiments (1.7) are in
reasonable agreement with the experimental curves [17].

For comparison, we give the numerical and experimental data [12–14], which differ from the results obtained
in the steady creep experiments. Figure 1 shows the calculated and experimental creep curves for pure torsion of
a thin-walled sample tube whose centerline coincides with the transverse isotropy axis of the AK4-1T alloy in the
plate at a temperature of 200◦C.

The following geometric parameters of the tube are used in the calculations: length 10 mm; inner and outer
diameters 1.84 and 2 mm, respectively; one of the tube ends is rigidly fixed, while the other end is subjected to shear
forces below the yield stress. The forces are applied rather rapidly, as compared with the time during which stress
relaxation occurs and creep strains are developed, but rather slowly, as compared with the time of pulsed application
where accelerative effects should be taken into account. Therefore, the configuration at the initial time (t = 0) with
zero creep strains in the numerical solution is the deformed configuration of the tube made from this elastic material
under the action of constant shear forces [20]. The behavior of the sample material at the stage of force application is
isotropically elastic [12–14] and is described by Hooke’s law (1.1); the creep of this material is transversely isotropic
with different characteristics under tension and compression and is described by the flow law (1.5).

The uniform finite element grid consists of three-dimensional hexagonal eight-node elements with the rib
length of 0.196 mm. This grid interpolates the cylinder geometry and displacements by trilinear polynomials. The
relative errors of the solution of Eq. (2.6) for displacements and forces are εD = εF = 0.001. The solution is refined
at each time step by the Newton–Raphson method. The equations are integrated with an adaptive time step in the
interval from 0.001 to 5 h. This is sufficient to ensure the accuracy and stability of integration of the creep strain
tensor components.

It follows from Fig. 1 that the results calculated by Eqs. (1.5) ensure reasonable agreement with experimental
data under pure torsion, especially under moderate stresses when the steady creep phase is realized.

For the same material, we also compare the calculated and experimental curves of deflection of a square
thick-walled plate with the creep process (the transverse isotropy plane of the material is parallel to the mid-
surface) under the action of four vertical concentrated forces P = 1850 kgf applied at the centers of the corner areas
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Fig. 1. Calculated data (curves) and experimental data (points) on creep of the AK4-1T alloy
at a temperature of 200◦C under conditions of torsion of a thin-walled cylindrical sample whose

centerline coincides with the transverse isotropy axis (σi =
�

3sijsij/2 and εc
i =

�
2εc

ijε
c
ij/3 ):

σi = 144.4 (1), 153 (2), and 170 MPa (3).

Fig. 2. Scheme of plate loading and points A, B, C, and D where the deflection w was measured
in experiments.
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Fig. 3. Deflection at the point A of the plate versus time during the creep process under bending by the
moments of torsion: curves are the results calculated with the use of constants (1.7) at a1, b1, c1 and a2, b2,
c2 corresponding to tensile and compressive loading, respectively (curve 1), at a1 = a2, b1 = b2, and c1 = c2

corresponding to tensile loading (curve 2), and at a2 = a1, b2 = b1, and c2 = c1 corresponding to compressive
loading (curve 3); points are the experimental data from experiment No. 1 (points 4) and No. 2 (points 5).

[21] (Fig. 2). The applied forces simulate pure bending of the plate by the moments of torsion with intensity P/2
uniformly distributed over the edges [22]. The concentrated forces were replaced in the calculations by statically
equivalent loads uniformly distributed over the corner areas [20].

The points in Fig. 3 show the deflections obtained in the experiments with two identical plates (the deflections
were measured at the points A, B, C, and D shown in Fig. 2 and then averaged over the four points). Figure 3
also shows the time evolution of the deflection w at the point A, which was calculated on a uniform grid consisting
of three-dimensional eight-node hexagonal elements with the rib length of 10 mm.
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The following geometric parameters of the plate are specified in the calculations: length 180 mm, thickness
20 mm, and corner area size 20 × 20. An adaptive time step in the interval from 1 to 100 h and also the same
methods and criteria of solution convergence as in the previous problem on tube torsion are used.

It follows from Fig. 3 that the results calculated by Eqs. (1.5), which take into account the difference in
material characteristics under tension and compression in the indicated directions (1.7), are in reasonable agreement
with the results of experiments on pure bending of the plate by the moments of torsion. At the same time,
it is obvious that significant errors are obtained if this difference is ignored: the calculated plate deflection is
overpredicted (as compared with the experimental data) if the characteristics under tension are used in all directions
and underpredicted if the characteristics under compression are used. This type of plate bending can be accurately
described by the constitutive relations derived in this paper for transversely isotropic materials with different
characteristics under tension and compression.

4. Problem of Wing Panel Forming. In this type of forming, the blank is also subjected to bending.
In contrast to the direct problems discussed above, however, the values of the surface forces T̃i in Eq. (2.2) and
boundary displacements ũi in Eq. (2.3) are unknown in the general case and have to be determined alongside with
the fields of stresses, strains, and displacements. For this purpose, it is possible to use the residual boundary
displacements ũ′

i, for instance, the displacements ũ′
n over the normal to the frontal face of the blank, which can be

easily calculated from the specified geometric parameters of the panel.
Let us consider a case with the problem of forming at the stage of active loading being solved in the

kinematic formulation. In this case, we have S = Su, and only the boundary displacements have to be determined.
We introduce an operator Ψ, which involves the displacements ũ in Eq. (2.3) and relations (1.1)–(1.5), (2.1),
and (2.3)–(2.6) to determine the residual boundary displacements ũ′:

Ψũ = ũ′.

Let us assume that the sought value of ũ can be determined by the following iterative procedure:

ũi+1 = ũi + ki(Ψũi − ũ′), i = 1, 2, . . . , ũ1 = ũ′. (4.1)

The step at the (i + 1)th iteration is increased by setting the coefficient ki in Eq. (4.1) greater than unity;
the step is reduced by setting 0 < ki < 1. The criterion of termination (convergence) of the iterative process (4.1)
is a prescribed, rather small deviation r of the calculated residual displacements from those specified in advance:

Hi ≡ ‖Ψũi − ũ′‖ < r. (4.2)

Figure 4 shows the error of the quantity uyi in the homogeneous ([Hyi = max
Sa

|Ψũyi − ũ′
y|) and root-mean-

square
[
Hyi =

(∑

Sa

(Ψũyi−ũ′
y)

2
)1/2]

metrics at ki = 1 in Eq. (4.1) (Sa is the aerodynamic surface of the panel). The

curves in Fig. 4 are obtained by calculating the forming of one wing panel of the “Sukhoi SuperJet-100” (SSJ-100)
airplane. It is seen from Fig. 4 that the iterative process (4.1) of determining the boundary displacements converges.

The calculation scheme with attachment conditions is shown in Fig. 5.
The blank has an irregular contour and thickness; the length varies from 13,000 to 13,500 mm; the width

varies from 250 to 1600 mm; the thickness varies from 2.5 to 10.0 mm; the outer frontal face is smooth; the
inner face is irregularly engraved and has longitudinal and transverse stiffeners, as well as local and contour
thinning and thickening places. The blank has the following mechanical characteristics: at T = 20◦C, Young’s
modulus E = 6027 kg/mm2, Poisson’s ratio ν = 0.345, yield stress σyield = 43 kg/mm2, and linear harden-
ing modulus Eyield = 282.4 kg/mm2; at T = 180◦C, E = 6027 kg/mm2 and ν = 0.345; creep characteris-
tics under tension B1 = 4.05 · 10−35 (kg/mm2)−n1 · sec−1 and n1 = 20; creep characteristics under compression
B1 = 6.7 · 10−29 (kg/mm2)−n2 · sec−1 and n2 = 15.

The nonuniform finite element grid is formed from tetrahedral four-node elements with trilinear interpolation
of the blank geometry and displacements. To ensure sufficient accuracy of the calculations, the distance between
the nodes is taken to be approximately 2 mm; the total number of elements is 466,229. The criterion of calculation
convergence is εD = εF = 0.01. The initial time step is 0.01.
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Fig. 4. Behavior of Hy (4.2) on the aerodynamic surface of the panel in the iterative process (4.1) in
the homogeneous metric (a) and root-mean-square metric (b).
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Fig. 5. Distributions of the boundary displacements ũy calculated at the 8th iteration and attach-
ment conditions: ũy = 8.69 · 102 (1), 7.95 · 102 (2), 7.20 · 102 (3), 6.46 · 102 (4), 5.71 · 102 (5),
4.97 · 102 (6), 4.22 · 102 (7), 3.48 · 102 (8), 2.73 · 102 (9), 1.99 · 102 (10), 1.24 · 102 (11), 49.7 (12),
−24.8 (13), −99.3 (14), and −1.74 · 102 mm (15).

Using Eq. (4.1), we find the sought elements of the boundary displacements ũy for Eq. (2.3) (S = Su = Sa).
The distributions of these components at the 8th iteration are shown in Fig. 5. Using these displacements, we
modeled all stages of the forming process. The distributions of the intensity of the Mises shear stresses σi =
√

3sijsij/2 and the strains εc
i =

√
2εc

ijε
c
ij/3 over the outer (smooth) surface Sa and over the inner (milled and

engraved) surface at certain characteristic instants of this process are shown in Figs. 6–9.
Figure 6 corresponds to the instant when the surface Sa is subjected to the displacement component ũy (see

Fig. 5). Application of these displacements simulates elastoplastic approaching of the smooth frontal surface of
the “cold” (temperature approximately 20◦C) blank to the die tooling working profile. Figures 7 and 8 correspond
to the end of the stress relaxation period (45 min) under creeping conditions for the blank at a constant elevated
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Fig. 6. Shear stress intensity distributions over the inner surface (a) and outer surface (b) of the
“cold” blank in the course of approaching the die tooling working surfaces.
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Fig. 7. Shear stress intensity distributions over the inner surface (a) and outer surface (b) of the
“hot” blank after relaxation under conditions of thermal stabilization on the die tooling.

temperature (T = 180◦C) and displacement components ũy applied to Sa (see Fig. 5), which model thermal
stabilization of the “hot” blank on the die tooling. Figure 9 shows the distribution of the residual stresses after
elastic unloading of the blank from the state illustrated in Figs. 7 and 8. This unloading represents withdrawing of
the cooled blank from the die tooling.

The mosaic-type character of the distributions in Figs. 6–9 is caused by the influence of the cuts in the inner
panel engraving: longitudinal and transverse ribs and local thinning and thickening areas.

It follows from Fig. 6 that the yield stress excess and plastic straining are observed in small volumes on
the sharp corners of the inner engraving (i.e., localization of plastic strains occurs); in the main volume, the blank
approaching the die tooling proceeds in the elastic mode: the mean value of stresses is 30 kg/mm2, and the mean
value of plastic strains is 0.001.

It follows from Figs. 6a, 7, and 8a that this thermal stabilization of the hot blank on the die tooling is
accompanied by stress relaxation; this relaxation is more intense in stress concentration zones; the stress field
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Fig. 8. Creep strain stress intensity distributions over the inner surface (a) and outer surface (b) of
the “hot” blank after relaxation under conditions of thermal stabilization on the die tooling.
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Fig. 9. Residual shear stress intensity distributions over the inner surface (a) and outer surface (b)
of the panel after withdrawing of the cooled panel from the die tooling.

after relaxation becomes more uniform; the difference between the maximum and minimum stresses and also the
maximum value of stresses decrease almost by a factor of 3. The relaxation is accompanied by the emergence and
growth of the creep strain (see Figs. 8b and 9a); the creep strain value after relaxation reaches 17.5%. The residual
stresses (see Fig. 9b) in the main volume of the formed panel reach 7 kg/mm2.

Conclusions. The constitutive relations between the steady creep strain rates and stresses describe steady,
transversely isotropic creep with different characteristics under tension and compression. Computer modeling of
these forming processes involves the use of the finite element method for consecutive solutions of three-dimensional
quasi-static problems of elastoplastic straining, relaxation, and unloading with allowance for large displacements and
turning angles, anisotropy, and different resistances of the material, and also determining boundary conditions from
given residual displacements. The proposed iterative process makes it possible to determine the sought boundary
displacements. The modeling results can be used to calculate the die tooling, determine the panel processibility,
and control panel rejection in the course of forming. The solution obtained is approved by special industrial tests
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[10, 23]. The modeling results are used in production of integral panels at the joint-stock company “Komsomol’sk-
on-Amur aircraft production association.” The models and methods developed can also be used to improve the
technological possibilities of production and increasing of the quality and lifetime of large contour-forming parts
with new complicated aerohydrodynamic shapes, which are made of advanced high-strength light materials.
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